The inverse problem
Inverse Problem:
Given g = ∂u ∂ν on Γ 1 (and f ), find boundary Γ 0
Uniqueness!!! Uniqueness
In shaded domain:
On boundary: u = 0
Schiffer ≈ 1960
Existence???
For inverse boundary value problems, in general, wrong question to ask. Would need to characterize Cauchy data on Γ 1 for which the corresponding solution vanishes on a closed surface Γ 0 (or curve) within Γ 1 .
Main Task: Assuming correct data or perturbed correct data, design method for approximate and stable solution Decomposition methods 1. Determine u from Cauchy data on Γ 1 , for example via
and integral equation of the first kind 
Solve by regularized Newton iterations
Pros:
• Conceptionally simple • Accurate reconstructions
Contras:
• Need forward solver
Hybrid of decomposition and Newton methods
and integral equation
Does not need a forward solver! Chapko, K. 
Kirsch's factorization method
Characterize unknown domain via spectral data of the Dirichletto-Neumann operator
• 
Solve Cauchy problem for a holomorphic function in an annulus
• Conceptionally simple • Satisfactory reconstructions • Domain for Cauchy problem is known
Contras:
• Restricted to two dimensions • and to Laplace equation
Makes sure that ϕ(2π) = L throughout the iteration
Theorem Under appropriate assumptions on D and f the successive approximations converge in
Numerical implementation:
Solve by least squares to update coefficients Use trigonometric interpolation for f • ϕ and g • ϕ Now, we know the radius ρ and Ψ = γ • ϕ on the outer circle C 1 , i.e., Fourier series
Solve Cauchy problem for Ψ in B via Laurent expansion
and obtain unknown boundary by
Need to truncate because of exponential ill-posedness. Remarks:
• Nonconstant f required for extensions to other boundary conditions. However, no flux Γ 0 g ds = 0 has to be observed 
